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Abstract: The exclusion of mixed electrolytes from charged and uncharged cylindrical capillaries is studied using 
the grand canonical Monte Carlo method and the Poisson—Boltzmann equation. Concentration profiles inside the 
capillary, the Donnan exclusion coefficient, the separation factor, and concentration fluctuations were evaluated for 
a system with a mixture of divalent and monovalent counterions and monovalent co-ions. The electrolyte is treated 
in the restrictive primitive model approximation. All these quantities are studied as a function of the composition 
of the bulk external electrolyte. The calculations apply to a range of surface charge densities and to two values of 
the total ionic strength. The simulation results are compared with the predictions of the Poisson—Boltzmann 
approximation and the ideal Donnan theory. Both approximate theories grossly overestimate the ability of a micropore 
to exclude electrolytes. For higher concentrations of divalent counterions present in the system the Poisson—Boltzmann 
theory yields incorrect results. We present a comparison with the experimental data for charged membranes immersed 
in a mixed KCl/CaCl2 solution. 

1. Introduction 

The problem of electrolyte exclusion from porous media is 
of great interest in chemical science and considerable effort has 
been devoted toward understanding the physicochemical proper­
ties of such systems. During the past ten years advances in the 
statistical mechanical theory1 have led to renewed attack on this 
problem. Recent progress in the theory of electrolytes in 
micropores has been reviewed in refs 2 and 3. 

The prediction of the partitioning of the positive and negative 
ions of an electrolyte between a charged (or uncharged) 
micropore and the isotropic electrolyte phase is important for 
better understanding and designing of several chemical and 
engineering processes.2 One example of the industrial impor­
tance is the "reverse osmosis", which forms the basis of the 
technological processes for the desalination of water.4 Further, 
these studies are important in connection with the separation 
methods, such as the countercurrent electrolysis method or 
convective electrophoresis in porous membranes.5 Another 
relevant example is a study of equilibrium between electrolyte 
and the ion-exchange resin.5 

Traditionally the phenomenon of ion partitioning has been 
understood on the basis of the classical Donnan equilibrium.7 

Due to the charged groups on the internal walls, there is an 
excess of counterions next to the surface, while the co-ions are 
partially excluded from this region. As a result, the electrolyte 
concentration within the capillary is often reduced below the 
bulk value. Experimental results indicate8-13 that rejection of 
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the 1:1 electrolyte increases by with an increase in the surface 
charge (capacity) of a micropore. Also, greater rejection is 
observed for dilute solutions. The exclusion coefficient, here 
defined by eq 1, is a convenient measure of this effect for both 
charged and uncharged capillaries. 

c- ~ (c-) 
T= / (1) 

C-

In eq 1, c- denotes the concentration of co-ions in the bulk 
(external) electrolyte and (c_) is the average concentration of 
co-ions in a micropore. 

The simplest description of ionic effects in these systems 
provides the ideal Donnan theory.7 The assumptions of the 
theory are as follows: (i) ion activities inside and outside the 
micropore are equal to their concentrations, and (ii) electro-
neutrality holds inside and outside the capillary. The theory 
greatly overestimates the actual rejection coefficient as, for 
example, seen in Figure 1. The rejection of electrolyte solutions 
with multivalent counterions has also been studied.13 The 
experimental evidence suggests that the opposite effect, namely 
the enrichment of electrolyte (not a rejection), may take place 
in systems with multivalent counterions. The Donnan theory 
cannot explain these results, as it cannot explain an electrolyte 
exclusion from uncharged microcapillaries.14 

A more detailed model of the electrolyte exclusion is based 
on the Poisson—Boltzmann equation.315-22 Although the 
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Figure 1. Exclusion parameter T as a function of the surface charge 
density a for 2:1 + 1:1 electrolyte inside the capillary. Ionic strength 
of the equilibrium bulk solution is / = 0.1456 mol/dm3 and the 
composition parameter is X2-A = 0.3 (squares) and 0.9 (circles), 
respectively. Results are given for the Poisson-Boltzmann equation 
(dashed lines), and for the ideal Donnan theory (solid lines). 

Poisson-Boltzmann approximation has been successful in 
describing various experimental results, question remains as to 
its validity, one reason being the statistical-mechanical ap­
proximations of the theory.23 In our previous papers21424'25 the 
exclusion of electrolyte from charged and uncharged capillaries 
was studied using the Poisson-Boltzmann equation and the 
grand canonical Monte Carlo simulation technique. The 
structure and thermodynamics were examined as a function of 
the various model parameters for symmetric (1:1 and 2:2)24 and 
for charge asymmetric (1:2 and 2:1) model electrolytes.25 The 
simulation results show that there are a number of features which 
cannot be reproduced by the Poisson-Boltzmann approxima­
tion—in particular it cannot be used safely if divalent counterions 
are present in the system. The present paper extends this work 
to biologically more interesting systems, i.e. to charge asym­
metric mixtures with a common ion. One example of such a 
system is a mixture of CaCh and KCl, but the molecular 
parameters used here do not correspond to any particular 
mixture. In our study the capillary is negatively charged, so 
negative ions (chlorine) are co-ions and positive ions are 
counterions. When the charge asymmetric mixtures are forced 
through the membrane, the divalent counterions are attracted 
more strongly than monovalent counterions and therefore the 
electrolyte composition inside the capillary differs from that in 
the bulk. The study is of relevance for many interesting 
phenomena, such as (i) transport of electrolyte across charged 
membranes,5 (ii) ion-exchange equilibrium,6-26 or (iii) swelling 
transition due to the Ca2+/Na+ exchange in gels.27,28 

The outline of this paper is the following. After the 
introduction (Section 1), we briefly present the model and 
numerical methods (Section 2). The results for the excess 
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chemical potential of the (bulk) isotropic mixtures are presented 
in Section 3. The Donnan exclusion coefficient, the local ionic 
distributions within a micropore, the separation factor, and the 
concentration fluctuations are reported in Section 4. The 
comparison with experimental results of Higa and co-workers5 

is presented in Section 5. Finally, the conclusions are sum­
marized in Section 6. 

2. Methods of Calculation 

A. Model. The model used in this study has been described in 
several previous studies.24,25 The porous material is pictured as a 
collection of equal cylindrical capillaries of radius R0, which do not 
interact with each other (cf. Figure 1 of ref 24). The capillary is 
assumed to be very long so that end effects are unimportant and except 
for the negative charge being smeared on the inner surfaces otherwise 
inert. The surface charge density is defined to be 

O= — 
k«ol 

2JtRM 
(2) 

where zeo is the charge and h is the link of the micropore. The ions in 
the system are treated as charged hard spheres of diameter a, and they 
can approach the surface only up to the distance a/2, i.e. the centers of 
ions are distributed within the cylindrical volume of radius R = Rc — 
a/2. The model porous material is treated as a dielectric continuum 
with the relative permittivity eT, and the dielectric image effects due to 
a difference in the permittivity of ions and other constituents of the 
system are ignored here. The electrolyte in the micropore is assumed 
to be in equilibrium with an external (bulk) electrolyte solution of 
composition x2]\ = h:\ll, where h.\ is the ionic strength of the 2:1 
electrolyte and / = ' A]Lc1Z,2, is the total ionic strength. 

B. Grand Canonical Monte Carlo Method. An extensive descrip­
tion of the grand canonical Monte Carlo (GCMC) method is given in 
ref 29. During a simulation, the configurational states are sampled at 
constant chemical potential ji and temperature T, while the number of 
ions inside the capillary fluctuates. The first step in the procedure is 
canonical (the number of ions is fixed during the step): a randomly 
chosen ion is moved into a new random position in the cell. The 
attempted move is accepted with probability f,j 

^ = min[l,e^(-/S(C/ ; .-C/,.))] (3) 

where U, is the configurational energy of state i (old position of the 
ion), Uj is the configurational energy of state;', and as usual /3 = (W) - 1 , 
where k& is the Boltzmann constant and T is the absolute temperature. 
In the next step a random decision is made to attempt either the insertion 
or the deletion of a neutral combination of ions v = v- + £v+,, where 
v+x and v- are the numbers of randomly chosen mono- and divalent 
cations and negative ions, respectively. The acceptance probabilities 
for addition and for deletion of v ions (CaCh or KCl combination) 
from a micropore are given by eq 4. 

/j = m i n [ l , y j , for addition 

fu = min 1, for deletion (4) 

After calculating the energies £/, and Uj, the transition probability fy 
from the state i with the number of anions N1- and cations AV* to the 
state j , where Nj- = Nr + v- and Np-' = AV* + v+x, is given by 

.AyT[^ ̂! 

A^IPV 
exp[fi - P(U1 - U1)] (5) 

The sign Il denotes a product over the positive species in the system: 
nJV><! = AV2IAV1'.. Parameter B in eq 5, B = fiip. - /iideai) + 
In(JVt-IlA^'). is related to the excess chemical potential of the bulk 
electrolyte with ionic concentrations N+x/V and N-IV. 
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Table 1. GCMC and HNC Results for the Charge Asymmetric 
Mixtures of the Primitive Model Electrolytes" 

/ (mol dm 3) 

0.1496 
0.2965 

0.1496 
0.2965 

*2:1 

0.679 
0.635 

0.679 
0.635 

—In y±2:i 

GCMC 
0.576 
0.691 

HNC 
0.580 
0.695 

- I n y±i;i 

0.275 
0.312 

0.275 
0.315 

-PE 

0.485 
0.580 

0.484 
0.580 

5(0) 

1.16 
1.12 

1.145 
1.12 

" The electrolyte concentrations are ci-\ = 0.0338 mol/dm3 and c\.\ 
= 0.0481 mol/dm3 for x2:1 = 0.679 and c2:, = 0.0627 mol/dm3 and cM 
= 0.1083 mol/dm3 for X2-A = 0.635. C2-.i is the concentration of the 2:1 
electrolyte in the bulk mixture and xz.\ is the concentration parameter, 
defined as *2:i = h.\H, where h;\ is the ionic strength of the 2:1 
electrolyte and / is the total ionic strength. y± is the mean activity 
coefficient, /?£ is the reduced configurational energy and 5(0) is defined 
by eq 11. Averages in the simulations are collected over 5 x 106 

configurations. 

Table 2. The HNC Results as a Function of the Composition xi i 
(/ = 0.1496 mol/dm3) 

X2:\ C2:i(moldm 3) c\-\ (mol dm 3) —In y±2:i -lny± 

0 
0.3 
0.9 
1.0 

0.0150 
0.0449 
0.0499 

0.1496 
0.1047 
0.0150 

0.577 
0.583 
0.585 

0.254 
0.263 
0.284 

Table 3. The HNC Results as a Function of the Composition x%-\ 
(I = 0.2965 mol/dm3) 

*2:i C2:i(moldm 3) ci:i(moldm 3) -lny±2:i -In y±i: 

0 
0.3 
0.9 
1.0 

0.0296 
0.0889 
0.0988 

0.2965 
0.2075 
0.0296 

0.685 
0.705 
0.710 

0.279 
0.295 
0.333 

The grand canonical Monte Carlo method (cf. eq 5) requires advance 
knowledge of the excess chemical potential of the bulk electrolyte phase. 
The data for mixtures of electrolytes with asymmetric charge are, to 
our knowledge, unavailable in literature and we ran our own simulations 
of the bulk electrolyte. The hypernetted-chain (HNC) integral equa­
tion30 has been used to interpolate between the systems of various 
composition. The GCMC and HNC results for the activity coefficient 
of bulk electrolyte mixtures are reported in Tables 1—3. 

C. Poisson-Boltzmann Equation. The Poisson-Boltzmann 
equation for the cylindrical symmetry reads 

r dr dr. ene 
(6) 

0cr 

z _ e o n _ ( 0 ) e - ^ (7) 

where ip{r) is the mean electrostatic potential at a distance r and n,{0) 
is the number concentration of ionic species i at r = 0. The boundary 
conditions are given by the Gauss law 

\3r/r=R «ne, 0cr 

( S L - (8) 

The Poisson-Boltzmann equation has been solved numerically for the 
mean electrostatic potential, using the so-called "shooting method".31 

(30) (a) Rasaiah, J. C; Friedman, H. J. Chem. Phys. 1968, 48, 2742. (b) 
Rasaiah, J. C; Friedman, H. J. Chem. Phys. 1969, JO, 3965. 

(31) Carnahan, B.; Luther, H. A.; Wilkes, J. O. Applied Numerical 
Methods; Wiley: New York, 1969. 
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Figure 2. The same as for Figure 1, except that / = 0.2965 mol/dm3. 

Once the electrostatic potential is known, the ionic distributions and 
the average concentration of co-ions in a capillary (c-) needed to 
determine the exclusion coefficient can be calculated. 

3. Properties of "Bulk" Electrolytes 

This section presents the grand canonical Monte Carlo and 
the HNC integral equation results for mixtures of the primitive 
model electrolytes. We are interested in charge asymmetric 
mixtures, i.e. mixtures of 1:1 and 2:1 electrolytes with a common 
ion. The ions are modeled as charged hard spheres of equal 
diameter (0.42 nm) in a solvent of uniform dielectric constant. 
The calculations apply to water-like solutions at 25 0C with 
the Bjerrum length AB = /3eo2/(47reofr). equal to 0.714 nm. The 
standard "minimum image" method for truncating the pair 
potential has proved to be sufficiently accurate under similar 
conditions and it is also used here. The mean activity 
coefficient, the excess energy, and the "osmotic compressibility" 
(concentration fluctuations) of bulk electrolyte (2:1 + 1:1 
mixture) are given in Table 1. The HNC theory agrees well 
with the simulation results. For this reason, the HNC chemical 
potentials have been used in the GCMC simulations of 
electrolyte inside the micropore. The values of the "bulk" 
activity coefficient used in micropore simulations presented in 
Section 4 are given in Tables 2 and 3. 

4. Electrolytes Inside Charged and Uncharged Capillaries 

A. Exclusion Coefficient and Ionic Distributions. In this 
section we present numerical results for the primitive model 
electrolyte with a mixture of divalent and monovalent counte-
rions and monovalent co-ions (2:1 and 1:1 electrolyte mixture) 
inside the negatively charged micropores. The surface charge 
density a varies from zero (uncharged micropores) to 0.1425 
C/m2. The radius R (=RC — a/2), of a cylindrical space available 
to ions is 4 nm, except for o = 0 where micropores with two 
different values of R (1 and 4 nm) have been studied. The 
results apply to two values of the total ionic strength, i.e. to / 
= 0.1496 and 0.2965 mol/dm3. The calculations have been 
carried out for several values of the composition parameter 
*2 :1 -

Figures 1 and 2 show the Donnan exclusion coefficient T 
(eq 1), as a function of the surface charge density for X2-.\ = 0.3 
and 0.9 and for two values of the total ionic strength /. The 
Monte Carlo exclusion coefficient (symbols) first increases and 
after reaching a maximum value decreases as the charge on the 
surface is increased further. Similar behavior has been noticed 
for aqueous solutions of 2:2 and 2:1 electrolytes (divalent 
counterions) in micropores.24,25 For low concentrations of 
divalent counterions in the bulk electrolyte (x2;i = 0.3), T 
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Figure 3. The GCMC results for the local concentrations of co-ions 
(squares) and divalent (solid circles) and monovalent counterions (open 
circles) inside the uncharged micropore. The lines denote ionic 
concentrations in an external solution (co-ions, short dashed line; 
monovalent counterions, dashed line; divalent counterions, solid line). 
The values of other parameters are / = 0.2956 mol/dm3, XM = 0.9, 
and R = 4 nm. 

assumes higher values, while the position of a maximum is 
shifted toward higher charge densities. 

The solid lines in Figures 1 and 2 are obtained using the 
(ideal) Donnan theory.7 The starting point of the derivation is 
the electroneutrality condition for a capillary: 

Jj^+ Cx = O (9) 

where cx is the concentration of monovalent ions neutralizing 
the charge on the walls. Further, z,- is the valence and (c,) = 
CtK1' is the average concentration of the ionic species i inside 
the micropore. By assuming the activity coefficient of an ion 
inside the micropore is equal to that in a bulk mixture, the 
unknown K can be determined from eq 9 as described in ref 5. 
Once (c-) is known, the exclusion parameter T can readily be 
calculated. 

As shown in Figures 1 and 2, the ideal theory grossly 
overestimates the "exact" exclusion coefficients. The exclusion 
coefficients calculated via the Poisson—Boltzmann equation are 
presented with dashed lines in Figures 1 and 2. The Poisson— 
Boltzmann values of T are higher than those determined by the 
simulations. In summary, the two approximate theories suggest 
the charged micropores are considerably more efficient in 
excluding the electrolytes than is predicted by the computer 
simulations. 

The nonzero values of T for uncharged capillaries (cf. Figure 
1 and 2) are surprising only at first sight. In the next figures 
we present the concentration profiles of different ionic species 
inside uncharged micropores with R = 4 nm (Figure 3) and R 
= 1 nm (Figure 4). The value of the composition parameter of 
a bulk mixture is xw = 0.9. In the immediate vicinity of the 
wall, the concentrations of all ionic species are reduced below 
the bulk value, due to the unbalanced interactions in this 
region.32 The ions in contact with a wall, feel (in this model) 
no interaction from the side of the inert wall, merely from the 
subspace where other mobile ions are present. In simple terms, 
the isotropic ion atmosphere is distorted by the presence of the 
surface, and the distortion is larger for divalent ions. That is 
why the divalent counterions are, to a greater extent than the 
others, removed from the vicinity of the wall. Of course, the 
"excluded" counterions are followed by the co-ions in order to 

(32) Torrie, G. M.; Valleau, J. P.; Outhwaite, C. W. J. Chem. Phys. 1984, 
81, 6297. 
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Figure 4. The same as for Figure 3, except for R = 1 nm. 
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Figure 5. The same as for Figure 3, except for a = 0.1425 C/m2 and 
*2:i = 0.3. Lines represent the Poisson—Boltzmann results. Notation 
as for Figure 3. 
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Figure 6. The same as for Figure 5, except for xi-,\= 0.9. 

satisfy the electroneutrality condition inside the capillary. The 
Poisson—Boltzmann theory, as presented here, predicts no 
electrolyte exclusion under these conditions. 

The next two figures show local concentrations of ions as a 
function of radial distance in the capillary, when a highly 
charged capillary (o = 0.1425 C/m2) is immersed into the bulk 
solution with / = 0.2965 mol/dm3. The systems shown in 
Figures 5 and 6 differ in composition (x2-\ — 0.3 and 0.9), yet 
there are some general features which are common to both 
figures. First, the distribution of all species is considerably more 
uniform in the major part of a capillary than predicted by the 
Poisson—Boltzmann theory. Second, the Monte Carlo double 
layer is thinner than predicted by the Poisson—Boltzmann 
approximation. In a second case (Figure 6), where the divalent 
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Figure 7. The exclusion parameter T as a function of the composition 
fei) of a bulk mixture with ionic strength 0.1496 mol/dm3. The GCMC 
simulation results are denoted by symbols and the Poisson—Boltzmann 
results by lines: a = O C/m2, solid circles; a = 0.0089 C/m2, open 
circles and solid line; a = 0.0356 C/m2, squares and dashed line; a = 
0.1425 C/m2, triangles and short dashed line. 

Figure 9. The separation factor K as a function of X2-A for / = 0.1496 
mol/dm3. Notation as for Figure 7. 

0.2 0.8 1.0 0.4 0.6 

Figure 8. The same as for Figure 7, except for I = 0.2965 mol/dm3. 

counterions are present in an excess (x2-\ = 0.9), the electrical 
double layer extends only for about r « 0.8 nm from the surface 
of a capillary. Third, the average concentration of co-ions inside 
the capillary as obtained from simulation is considerably higher 
than predicted by the Poisson—Boltzmann equation. This is 
due to the strong correlation between co-ions and counterions, 
not accounted for by the classical Poisson—Boltzmann treatment. 
Strong correlation between the first layer of counterions and 
the co-ions is responsible for a distinct maximum in the 
concentration profile of co-ions, indicating that co-ions "see" 
from that distance a surface as a positively charged object. This 
effect has dramatic consequences for the exclusion coefficient—as 
seen in Figures 1 and 2, the ability of a micropore to exclude 
electrolyte is reduced well below the Poisson—Boltzmann value. 
Under conditions examined here, the concentration of co-ions 
and divalent counterions in contact with a charged wall appears 
to be slightly higher and that of the monovalent counterions is 
slightly lower than expected from the Poisson—Boltzmann 
calculation. 

In this part we examine how the composition of the bulk 
electrolyte affects the Donnan coefficient. The results for T as 
a function of *2:i are, for several values of the surface charge 
density a, shown in Figures 7 and 8. The conclusion is that 
the Donnan coefficient decreases with increasing concentration 
of divalent counterions in a mixture. The exception is the 
uncharged capillary—the situation in such systems has been 
discussed in relation to Figures 3 and 4. As expected, the 

-0.2 

Figure 10. The same as for Figure 9, except for / = 0.2965 mol/dm3. 

micropore shows a greater ability to reject electrolytes for 
solutions of smaller ionic strength. It is clear from this 
calculation that the Poisson—Boltzmann theory has limited 
validity under these conditions. 

B. Separation Factor. In this section the model of the 
charged capillary is used to predict separation factors for 2:1 
+ 1:1 electrolyte mixtures.619 Figures 9 and 10 show the results 
for the separation factor K,6 defined as 

K = 
(C2V(C1) 

C2Zc1 
(10) 

as a function of *2:i for / = 0.1496 and 0.2956 mol/dm3, 
respectively. In eq 10 {ci) and {c\) denote average concentra­
tions of divalent and monovalent counterions in a micropore. 
Further, c2 and c\ are the concentrations of divalent and 
monovalent cations in an external solution. The Poisson— 
Boltzmann results are presented by lines and GCMC data by 
symbols. As expected, the separation efficiency increases with 
increasing a. For mixtures inside the uncharged capillaries the 
separation factor is lower than unity. This is in agreement with 
the fact that divalent counterions are removed from the interior 
of uncharged micropore to a higher extent than the monovalent 
counterions. The micropore becomes more selective for divalent 
counterion if their fraction in an external solution is smaller. 
Similar behavior is observed when the total ionic strength of 
the external solution is reduced. All this is in qualitative 
agreement with the experimental results for the ion-exchange 
resins. 

C. Concentration Fluctuations. An advantage of the 
GCMC method is that the particle number fluctuations can be 
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Figure 11. The concentration fluctuations as a function of the surface 
charge density. The GCMC simulation results are denoted by symbols 
and the Poisson-Boltzmann results by lines: / = 0.1496 mol/dm3, 
x2.t = 0.3—solid line (a), open squares; / = 0.2965 mol/dm3, JC2:I = 
0.3—long dashed line (b), solid squares; / = 0.1496 mol/dm3, xj-.\ = 
0.9—dashed line (c), open circles; / = 0.2965 mol/dm3, X2.\ = 0.9—short 
dashed line (d), solid circles. 

calculated directly.33 The partial structure factors 5y are in the 
long wavelength limit (k —- 0) related to the concentration 
fluctuations in a system via eq 11 

HmSJk) = -
(N1N1) - (N1)(N) 

k—0 Vw> 
(ID 

For the concentration fluctuations in a multicomponent solution 
we define S(O) as 

1, 
5(0) = - X V e ^ Um^*) 

Q U k~Q 

(12) 

Here, 5(0) is an osmotic compressibility of the actual system, 
divided by the ideal gas value of the same quantity33 

™ = V(l)r (13) 

5(0) is expected to decrease with an increase in the surface 
charge density of the capillary, and for the parameters of the 
simulation this holds true for a > 0.01 C/m2 (cf. Figure 11). A 
notable feature of Figure 11 is a maximum in 5(0) (GCMC 
results), which appears for small charge densities. The maxi­
mum can be explained in view of the ion—ion correlations next 
to the uncharged wall. For electrolyte enclosed in the inert 
capillary the concentration fluctuations are reduced below the 
bulk value. The correlation between ions in a capillary is quite 
important under these conditions, which accounts for the 
depletion of ions next to the charged surface. A fixed charge 
on the surface has to be nonzero in order to balance this effect, 
cf. Figure 12, which corresponds to a slight increase in 5(0). 
By further increase of the surface charge density, the concentra­
tion fluctuations are suppressed due to effects of the charged 
wall. In Figure 12, the concentration profiles of all three ionic 
species inside a micropore (a = 0.00445 C/m2, X2.\ = 0.9, / = 
0.2965 mol/dm3) are shown. 5(0) is a sensitive measure of 
interactions in electrolyte solutions; as seen from Figure 11 it 
depends on the surface charge density, total ionic strength, and 
composition of the external solution in a rather complicated 

(33) March, N. H.; Tosi, M. P. Coulomb Liquids; Academic Press: 
London, 1984. 
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Figure 12. The same as for Figure 6, except for a = 0.00445 C/m2. 

manner. The lines in Figure 11 represent results obtained by 
the Poisson-Boltzmann equation, calculated as follows. First, 
the osmotic coefficient $ has been calculated from eq 14,20 

KQ1) 
(14) 

where Qi(O) is the number density of the ionic species i in the 
middle of the capillary (at r = 0) and (QI) is the average number 
density in the isotropic solution. Then, from eq 13 we obtain 

S(O) = -
1 

<& + 
3<j> 

•Xa 
(15) 

The Poisson-Boltzmann equation correctly predicts an increase 
of 5(0) when the ionic strength of the external solution is 
increased. The theory also gives qualitatively correct predictions 
for the osmotic compressibility when the fraction of divalent 
counterions in the external solution is low. The disagreement 
between the simulation and Poisson-Boltzmann results for x2A 

= 0.9 in the external mixture warns again that Poisson-
Boltzmann theory should be used carefully when the observed 
ions carry more than one elementary charge. 

5. Comparison with Experimental Data. 

Comparison between experimental5 and computational studies 
is presented in Figures 13 and 14. In the experimental study 
of Higa and co-workers,5 the fixed charge is due to sulfonic 
groups on the internal walls and the electrolyte solution studied 
is an aqueous mixture of CaC^ and KCl. The capacity of the 
micropore (concentration of monovalent counterions that neu­
tralize the wall-fixed charge) is 0.05 mol/dm3. Since we do 
not have any information about the actual geometry of the 
micropores, the cylindrical symmetry is assumed (R = 4.0 nm), 
as described in Section 4. The ions are described as charged 
hard spheres of diameter 0.42 nm. In Figure 13 the average 
concentrations of all ionic species are plotted as a function of 
concentration of divalent ions in the external solution. The 
results apply to the equimolecular mixture of potassium and 
calcium chloride in the external electrolyte, [KCl]/[CaCl2 ] = 
1. The agreement between experimental data,5 the Poisson-
Boltzmann calculation, and GCMC results is (perhaps fortu­
itously) very good. This can be explained by a low value of 
the wall-fixed charge in the porous material used in the 
experimental study; the capacity 0.05 mol/dm3 corresponds to 
a « 0.01 C/m2. As one can infer from Figure 1, this is a region 
where the Poisson-Boltzmann theory yields a good agreement 
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Figure 13. The average concentration of co-ions and counterions as 
a function of the concentration of divalent cations in die bulk solution; 
[CaChMKCl] = 1. Lines represent the Poisson-Boltzmann results. 
The experimental5 and the GCMC results are denoted by large and 
small symbols, respectively. Results are marked by solid triangles and 
short dashed lines for co-ions, by solid circles and dashed lines for 
monovalent counterions, and by open circles and a solid line for divalent 
counterions. 
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Figure 14. The same as for Figure 13, except for [CaCy/IKCl] = 
0.2. 

with the simulation results. When the charged membrane is 
immersed in the solution with [CaCl2]/[KCl] = 0.2 (Figure 14), 
the agreement is not as good. The average concentration of 

calcium ions inside the micropore, when plotted in Figure 14 
as a function of the calcium concentration in the external 
solution, exhibits a broad minimum, hardly noticeable in the 
case of an equimolecular mixture of KCl and CaCh. Note, that 
average concentrations of counterions inside the micropore, 
determined by the cylindrical model, are higher than those 
observed in the experiment. 

6. Conclusions 
The partitioning of mono- and divalent counterions and 

monovalent co-ions between a charged micropore and external 
electrolyte solution has been investigated by the Poisson-
Boltzmann and the grand canonical Monte Carlo method. One 
aim of this work was to determine the range of validity of the 
classical Poisson-Boltzmann approximation for these systems. 
The conclusions are in agreement with a recent study of the 
force between planar electrical double layers containing a 
counterion mixture, as presented by Feller and McQuarrie.34 

The Poisson-Boltzmann equation yields a good agreement with 
the simulation results for the pure monovalent case, i.e. if no 
divalent counterions are present in the solution. It is found that 
the presence of a small amount of divalent counterions 
significantly deteriorates the accuracy of the Poisson-Boltz­
mann theory. Mixtures containing a moderate to high fraction 
of divalent counterions show behavior that is characteristic for 
the pure divalent case, e.g., a maximum in the exclusion 
coefficient if plotted as a function of the surface charge density. 
Significant deviations from the Poisson-Boltzmann theory are 
found for all properties studied here. 

The physical model applied in this work contains a number 
of approximations; most notably, it ignores the molecular nature 
of the solvent and the effect of the dielectric boundary. The 
long-ranged Coulomb forces may not be sufficient to describe 
in detail a complicated system such as the ion-exchange 
membrane studied in ref 5. Yet, before we include the solvation 
and other microscopic features in the model, a quantitatively 
correct description of the electric double layer for the primitive 
model electrolyte in the capillary is needed. 
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